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is studied in section 4. Some of the material in this section seems to be new-or at least unpublished. The paper concludes with some comments and additional historical notes. Recall that Goldbach showed that if xy = yX, then we may write x = s'/("-1) and y = ss/(s-I) for some s > 1. Euler derived Goldbach's parameterizations in sections 13 and 14 of [7] , and in section 17 he noted that if we put 
THE FUNCTION f(x) =
x
Proof.
Fix a with a > 1. As noted, if the sequence converges, then a < el/e (i.e., the sequences diverges if a > el/e). Suppose that 1 < a < e1/e. If 0 < p < q, then 670 aP < aq. Thus, if we use the fact that a > 1 and repeatedly exponentiate this inequality by a, we get 1 < a, a < a, aa121 < a{3}, ..., and it follows by induction that an) < n+l1 for each positive integer n. Hence the sequence of iterated exponentials is increasing in this case.
Next observe that ax < (el/e)x < (el/e)e = e when 1 < x < e. Since a < e /e < e, we may apply this observation with x = a to get aa < e. A similar argument shows that a{3} < e, and a simple induction argument now establishes that a{I) < e for each n. We conclude that, if 1 < a < el/e, the sequence of iterated exponentials is increasing and bounded, so it converges to some limit b. 4. THE CASE a < 1. Throughout this section we assume that 0 < a < 1. In view of the preceding section it is natural to guess that the sequence of iterated exponentials converges for each such a. Remarkably, this is also incorrect, as we now show.
Recall that if 0 < p < q and a > 1, then a" < a<. On the other hand, if 0 < a < 1, then this inequality is reversed and aq < aP. Since the sequence of iterated exponentials behaves quite differently as a result of this reversed inequality, we call this relation the fundamental inequality. Next observe that if we use the fact that a < 1, repeatedly exponentiate this inequality by a, and use the fundamental inequality, then we get 0 < a < 1, O < a < aa < 1, 0 < a <a131 <a1{2} < 1, and a simple induction argument shows that 0 < a{2n-11 < a{2n+ll < . . < a{2n+21 < a{2n} < 1 for each positive integer n. Thus, the sequence {(a2n+ll) is increasing and bounded and {a 2n} } is decreasing and bounded. Hence each of these sequences converges. Let The delicacy of the relationship between of a, bo, and be is indicated by the fact that we are forced to examine the third derivative of f in order to establish that a is decreasing.
As a(s) is continuous on its domain, we may apply the intermediate value theorem to conclude that the range of a(s) contains the interval (0, e-e), which naturally leads one to guess that the range of a(s) is precisely this interval. For once, this conjecture turns out to be correct, but establishing it is not entirely straightforward. The problem is that none of the obvious estimates work. For example, if
With these preparations, we can now present the main results in this section. From the fact that a(s) is decreasing we learn that 1 0 < a(s) < -ee when s > 1. Therefore, the range of a is precisely (0, e-e) . This tells us that the sequence of iterated exponentials diverges on (0, e-e) and converges on [ 
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To the best of the author's knowledge the proof of Theorem 4.4 has not appeared in print before. In particular, the proof that a is a decreasing function of s seems to be new. 
CONCLUDING REMARKS. We now briefly
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